Abstract. The heat kernel K(x, x\ t) of the iterated Dirac operator on an Ndimensional simply connected maximally symmetric Riemannian manifold is calculated. On the odd-dimensional hyperbolic spaces K is a MinakshisundaramDeWitt expansion which terminates to the coefficient a {N -1)/2 and is exact. On the odd spheres the heat kernel may be written as an image sum of WKB kernels, each term corresponding to a classical path (geodesic). In the even dimensional case the WKB approximation is not exact, but a closed form of K is derived both in terms of (spherical) eigenfunctions and of a "sum over classical paths." The spinor Plancherel measure μ(λ) and ζ function in the hyperbolic case are also calculated. A simple relation between the analytic structure of μ on H N and the degeneracies of the Dirac operator on S N is found.
Introduction
A maximally symmetric Riemannian manifold M of dimension N has an isometry group of maximum dimension N(N + l)/2. M is also a constant curvature space, i.e., the Riemann tensor takes the form
where k is a constant. The Ricci tensor and curvature scalar are given by R ad = k(N -l)g ad , and R = kN(N -1). Moreover, M is necessarily isometric to one of the following spaces: a) Euclidean space R N (k = 0); b) the sphere S N of radius a (k = I/a 2 ); c) the real projective space P N (R) = S N / ~ , where ~ is the antipodal points identification (k is the same as for S N ); d) the real hyperbolic space H N (R) of radius a (k = -I/a 2 ) (see ref. [24] , vol. 1, p. 308). These spaces are all simply connected except for P N {R), which is doubly connected. In the pseudo-Riemannian Lorentzian case [signature ( -, +,...,+)] we have, similarly, that the maximally symmetric spacetimes are Minkowski spacetime M N (zero curvature), de Sitter spacetime (dS) N (positive curvature), and anti-de Sitter spacetime (AdS) N (negative curvature). In the Euclidean approach to quantum field theory in curved spacetime [28] , time is Wick-rotated to imaginary time to make the path integral convergent, and the metric becomes a positive definite (Riemannian) metric. It has been pointed out by several authors [11, 13, 1, 16, 9] that S N and H N are the Euclidean sections appropriate to (dS)^ and (AdS)^, respectively. Therefore, the one-loop functional determinant on these spacetimes can be obtained from the ζ function on their Euclidean sections.
In ref. [2] Allen and Jacobson calculated the general form of the vector two-point function in maximally symmetric spaces (the scalar case is also discussed there). In this paper we would like to extend their results to the spinor case. In four dimensions the spinor two-point function has been calculated by Allen and Lύtken [3] . Here we shall concentrate on the heat kernel K rather than the propagator. The heat equation for the iterated Dirac operator will be solved exactly on S N and H N . The two-point function and the zeta function can then be calculated from K via integral transforms in t (see Sects. 5 and 6).
There are two main steps in the construction of the heat kernel. The first is to identify and separate out the dependence on the spinor indices. To this end one considers the parallel spinor propagator U 9 a matrix in the spinor indices which parallel transports a spinor along a geodesic connecting two given points. By making the ansatz K = Uf 9 where / is a scalar function of the geodesic distance only, one can derive an equation for/ The second step is the use of the intertwining method (developed in ref. [5] ) to reduce the problem from S N to S
N~2
(or H N -> H N~2 ). The induction procedure can be easily iterated, and one finds that the spinor heat kernel on H N (or S N \ N odd, is obtained by applying a differential operator to the ordinary (scalar) heat kernel on the line (or on the circle with appropriate boundary conditions). This explains the exactness of the WKB approximation in the odd dimensional case. For N even one can similarly relate by a differential operator the heat kernels on S N and S 2 . The equation on S 2 can then be solved exactly in terms of spinor spherical functions φ n . By writing φ n as a Mehler-Dirichlet integral one can relate the solutions on S 2 and S 1 by a pseudodifferential (fractional) operator and obtain a geometric representation of K, in analogy with the scalar case [5, 7] .
The asymptotic form of the spherical eigenfunctions in the hyperbolic case allows one to obtain the spinor Plancherel measure μ(λ). This is the noncompact analogue of the spinor degeneracies on the iV-sphere, i.e., it gives the spectral distribution of the eigenvalues of ψ 1 on H N . For N odd μ(λ) is analytic in the A-plane. For N even it is a meromorphic function with simple poles on the imaginary axis. The residues at these poles turn out to be proportional to the spinor degeneracies on S N . This is a generalization of a result obtained recently for scalar fields [7, 21] .
The plan of this paper is as follows. In Sect. 2 we write down the heat equation and an ansatz for its solution in terms of the parallel spinor propagator and a scalar function/ The equation satisfied by/is obtained. In Sect. 3 we solve this equation for N odd using the intertwining method. The even dimensional case is considered in Sect. 4. In Sect. 5 we obtain the spinor Plancherel measure and zeta function on the hyperbolic spaces. The two-point function is calculated in Sect. 6. In the appendix we construct a parallel vielbein on S N using projective coordinates, and we calculate the covariant derivative of the parallel spinor propagator in geometric form.
The Heat Kernel and the Parallel Spinor Propagator
We begin by reviewing some basic facts about spinors (see, e.g., ref. [14] , Appendix D). Let M be an JV-dimensional orientable Riemannian manifold with vanishing second Stiefel-Whitney class. Then M admits a spinor structure and spinors can be defined globally on M. The Clifford algebra associated with the metric g on M [signature ( + , +,..., + )] is generated by N matrices Γ fl , a = 1, . . . , JV, satisfying the anticommutation relations
The dimension of these matrices is 2 , where I ^-I = JV/2 for N even, 
The covariant derivative of a spinor may be written, in a vielbein X α , as 
where U is a matrix in the spinor indices and/is a scalar function of t and of the geodesic distance σ = d(y 0 , y). Plugging (2.16) in (2.14) and using (2.11) gives
where we used
The vector field n a = V a σ at the point y is the unit tangent vector to the shortest geodesic y(t) between the origin y 0 and y. In Riemann normal coordinates {y a } based at y 0 we simply have n a (y) = y α /||y||, where ||y|| = (y a y a ) 1/2 is th^ length of γ and equals d(y o ,y).
The Laplacian acting on / can be replaced by its radial part D N given by Given any orthonormal basis {Ύ a } in the tangent space at y θ9 let {X α } be the vielbein obtained (at the point y) by parallel transport of {Ύ a } along y(t) (the shortest geodesic between y 0 and y). Then V^t ) X b = 0, i.e. ω abc (t)y a (t) = 0 and Q(ή = 0 (see (2.24) ). Therefore in a parallel vielbein equation (2.23) has (locally) the trivial solution U(t) = 1 Vί. From the global point of view a complication arises in the compact case of S N 9 due to the fact that y 0 and y may be conjugate points, e.g. y 0 is the north pole and y the south pole. Then the statement U(y) = 1 will not be true at the south pole, where both U and the parallel vielbein are undefined. In the appendix a parallel vielbein will be constructed on S N by using projective coordinates.
Let us now derive the equation satisfied by the scalar function/in (2.16). With
with the initial condition
where δ N (σ) is the radial invariant delta function on M [7] . We now need to calculate the spinor Laplacian acting on U. Define the matrix V a by
i.e., V a = {V a Ό)Ό~ι. Using (2.13) gives the following integrability condition on
ί ίk As observed in ref. [11] , the simplest solution to this equation is V a =^r-Γ a , which, however, does not satisfy the parallel propagator equation (2.21). Thus, we look for a solution of (2.33) of the form
where A is a scalar function of the geodesic distance to be determined. Notice that the parallel propagator equation is identically satisfied by (2.34). Using (2.19) it is easy to show that [2] V a n b = B(g ab -n a n b ) . 
where A' = δA/dσ. There are two solutions of (2.36)
The only acceptable solutions are those that are regular at the origin (where they vanish). Therefore we take
With this solution for A (2.34) solves both the integrability condition (2.33) and the parallel transport equation (2.21). An alternative proof of Eqs. (2.34) and (2.39) is given in the appendix.
The Laplacian acting on U is found to be
and it is easy to check that (2.11) is equivalent to the following differential equation
which is satisfied by (2.39). From (2.30) and (2.40) we obtain the following equation for the scalar function /:
We shall now solve this equation by using the intertwining operator method.
The Intertwining Method
The basic idea is to develop an induction procedure which reduces the problem on the Λf-sphere to a problem on the (N -2)-sphere (or H N -• H N~2 ), and then iterate this from S N to S 1 , for N odd, and to S 2 , for N even. Some insight is provided by the scalar case, discussed in ref. [5] . The heat operator is then simply ( -d t + Π N ) 9 and one shows that e.g. on S N the operator 0 = . 
with an analogous relation on H N . We look for an operator D such that
and we make the ansatz (on S N )
where g is a function of θ to be determined and b is a constant. When this is substituted in (3.3) and the terms of like derivatives are equated, there result the following two equations for g: 
it follows immediately that D oc cos-δ cosθ ( cos-I satisfies Eq. (3.3).
In the hyperbolic case we find similarly where U (y) is the parallel spinor propagator from the origin y 0 to the point y, and x is the geodesic distance between y 0 and y.
In the compact case/jv is given by an "image sum" over "indirect" geodesies on the sphere and the operator j)
should be applied to either the periodic or antiperiodic propagator K[ ±] on the circle,
To find the appropriate boundary conditions on 5 1 we shall solve (2.42) in terms of eigenfunctions. We define the spinor spherical functions φ n as the eigenfunctions of L N that are regular at the origin where they are normalized to one,
From Eq. (3.9) and the differential equation for the Jacobi polynomials [19] ,
, n = 0,1, .... (3.19) £±i / /jv + 1\
Here volίS^) = 2π /Γ ( ---J is the volume of the iV-sphere and d n are the
[f] degeneracies of ψ 2 on S N (without the spin factor 2 ). They can be obtained from the relation Notice that the spherical functions (and f N ) are antiperiodic,
n φj(θ), and vanish at θ = π (the south pole). Thus, although the parallel propagator U is undefined at the south pole, the heat kernel K = Uf N is well defined and vanishes there. The antiperiodicity of the φ n 9 s is then required in order for the heat kernel to be regular everywhere.
Using (3.18) and (3.8) we can rewrite (3.22) as
(N \ The sum over n can now be taken to run from cos(^θ) rather than cos I -rθ\.
Indeed it is easy to see that the two series differ by terms that give identically zero when acted upon by the operator x)^ Thus, K N is given in terms of intrinsic geometric objects. From (3.25) we see that (the scalar part of) the spinor heat kernel on S N , N odd, is an image sum of WKB kernels, each term in the sum over n corresponding to a classical path (geodesic). The direct path term is a Minakshisundaram expansion [26] which terminates to the coefficient
This result can also be obtained by calculating the (massless) spinor C-function of ψ 2 on S N . For both even and odd N, ζ N (z) may be written as a finite sum of Riemann-Hurwitz functions, see ref. [7] Eqs. (11.93)-(11.94). In the odd dimensional case the fact that ζ N has only a finite number of poles implies that the spinor heat kernel expansion must terminate, in agreement with (3.27). Our result here is more general since we can compute the finite coefficients a k (θ) (from (3.26)) and not just the coincidence limits a k (0). The actual calculation is, of course, complicated. The simple examples of S 3 and S 5 are considered below. On S 3 we can use the isomorphism S 3 ~ SU (2) to work in a left-invariant vielbein defined everywhere. The parallel spinor propagator can be easily evaluated in this frame, with the result C/(0,n) = expί ^θn σ j = lcos-+ /n σsin-, (3.28) where σ are the ordinary Pauli matrices and we are using canonical coordinates y = Exp(θn), with θ = d(y θ9 y) and ||n|| = 1. 2πn,n,t)f dp (θ + 2πn,t).
On the five-sphere we obtain the following heat kernel coefficients:
*•*»£. ,3.33)
and af 5) = 0 for k 2: 3. The coincidence limits can be checked by remembering the expression for a x and α 2 in terms of the curvature. Since the trace over the spinor indices is not included here, we have from ref. [6] , p. 172, These values agree with those obtained by taking the limit θ -• 0 in the finite expressions given above. In the hyperbolic case since H N is noncompact there is only one geodesic connecting two given points. Therefore in (3.14) we only have the "direct path" term, which is an exact Minakshisundaram expansion terminating at a iN -1)/2 . The corresponding expression may be obtained by replacing θ -• ix and t -» -t in (3.27), and multiplying by ( -If /2 .
The Even Dimensional Case
In order to apply (3.13) we need to solve for the heat kernel on S 2 (or H 2 ). The solutions of L 2 φ n = -λ 2 φ n , λ n = n + 1, normalized to φ n (0) = 1 are given by (see (3.19) ). They are antiperiodic and vanish at θ = π. The eigenfunction expansion of/ 2 can be written down immediately, but it is more instructive to first write φ n as a Mehler-Dirichlet integral. There are two (fractional) integral representations that are useful. Let us prove that I _. | ..diin, C 2n + 1 (cos^) , (4.2)
where C" is a Gegenbauer polynomial, and the fractional derivative is defined by [27, 7] Using [19] -n, α + n + 1, 1, i±|^J ( 4 .7)
and formula (22) The operator acting on the sum in (4.14) could be identified with the fractional power of order 1/2 of the operator D in Eq. (3.8). The problem with (4.14) is that the sum is not a Jacobi theta function and can not be "inverted" in terms of elementary functions. In the odd dimensional case (with a cosine instead of a sine) the sum is inverted in terms of exp( -θ 2 /4t% θ n = θ -f 2πn. Using the Poisson summation formula in the present case gives exp( -Θ 2 /4t) times an error function Erf(ι^n/2 Λ /ί), which is not easy to handle. We shall now use a different fractional representation of Pi 1 ' 0 ). It is proved in ref. [18] that for a > b > -\ one has the following integral representation of Pjf' b) (cos 0): where 3^ is defined by the Riemann-Liouville integral [27, 7] . Equation (4.16) is a consequence of the following fractional commutation:
where
is the differential operator for the Jacobi polynomials. Equation (4.18) can be proved by using the rules of fractional calculus given in ref. [27] . It holds provided / satisfies We can check our result (4.24) by computing the coincidence limit of the heat kernel coefficients in the asymptotic expansion
valid for t -• 0. Only the n = 0 term in (4.24) must be retained in this limit, the n Φ 0 terms being "exponentially small" when compared to the direct path contribution. The a k should coincide with the values obtained from the spinor zeta function [7] ζ s2 (z) = 2ζ R (2z -1), (4.26) (ζ R is the Riemann zeta function) through the relations [7] resC S 2(z)
Thus, we expect a 0 = 1 and lΓ^qfc) |B| (428) where B k are the Bernoulli numbers [19] .
In order to prove this we take the coincidence limit (θ = 0) in the n = 0 term in (4.24 The hyperbolic spaces can be handled in a similar way. (The spherical functions and the eigenfunction expansion of the heat kernel will be considered in the next section.) The basic difference from the compact case is that the Riemann-Liouville integral becomes a Weyl integral, with the boundary point at infinity [27, 7] . The geometric representation of the heat kernel on The solution for φ λ is then found to be
The spectral distribution of the eigenvalues is given by the Plancherel measure μ(λ), which is completely determined by the asymptotic form of the spherical functions at infinity. For x-^ oo we have
where p is a (positive) constant, and C(λ) is the Harish-Chandra function [21] . In terms of C(λ) the Plancherel measure is [20, 7] μ
where the last equality holds only for λ real. In the scalar case the Plancherel measure is known on any noncompact Riemannian symmetric space, where it may be written as a product over the positive roots of the space [20] . The explicit form of μ on the real, complex, and quaternion hyperbolic spaces may be found e.g. in ref. [7] . In order to calculate the spinor Plancherel measure from (5.4)-(5.5) we use the following functional transformation for F [19] : where the product is omitted for N = 2. The analytic structure of μ is different in the two cases. For N even μ defines a meromorphic function in the complex A-plane with simple poles on the imaginary axis at λ = ± ί(n + N/2), n = 0, 1, . It is easy to calculate the residues at these poles, and we find the following relation:
where are the degeneracies of the iterated Dirac operator on the N-sphere [12] . Thus, the singular points of the Plancherel measure determine the spectrum of ψ 2 on S N . A similar result holds in the scalar case [21, 7] , where it may be proved for any pair of dual Riemannian symmetric spaces [22] . It is natural to conjecture that the spinor result generalizes to any symmetric pair admitting a spinor structure. 1 In odd dimensions μ(λ) is analytic and from (5.9) we obtain a relation similar to (5.11)
The eigenfunction expansion of the spinor heat kernel can be written as Here a mass m for the spinor field has been inserted in order to avoid the infrared divergence at the lower limit of integration. (In the compact case the (-function of ψ 2 is well defined because the spectrum does not include zero.) The integral (5.15) converges for Re z > N/2 and is defined by analytic continuation for the other values of z. For N odd the integrations are elementary . Defining numbers a kiN by where B(x, y) is Euler's beta function. For N even > 2 we define b κ N by we find
The terms containing the beta functions give the meromorphic part, with poles at
The other terms are analytic in the z-plane. For example on H 4 we obtain
where the radius α has been reinstated. The derivative of ζ 4 at zero gives the one-loop functional determinant for a spinor field in anti-de Sitter space, and can be used to calculate the spinor effective potential and stress-energy tensor in this spacetime [10] .
The Two-Point Function
The massive spinor Green's function with one point at the origin, G(y) = G(y θ9 y\ is a solution of
with the appropriate boundary conditions to be specified below. G is related to the heat kernel by G(y)= f K(y,t)etm2 dt. We end this section with a few remarks. First of all we note that the spinor propagators and heat kernels on the maximally symmetric spacetimes (dS)^ and (AdS)]v (signature ( -, + , , + )) coincide, for spacelike separation, with the corresponding quantities on S N and H N 9 respectively. In the timelike case θ and x are imaginary and the hypergeometric functions in (6.10) and (6.15) have a branch cut, since the argument z > 1. In this case the Feynman propagator is obtained as the limiting value G N (σ + zΌ) above the cut [2, 3] .
The second observation concerns the Green's function D to the first order Dirac operator 
The spinor Green's function (6.16) 
Conclusions
In this paper we have obtained a geometric representation of the spinor heat kernel in maximally symmetric spaces. By squaring the Dirac operator the heat equation is solved by the simple ansatz K = Of, where U is the parallel spinor propagator and/a scalar function. It is not clear, at the moment, whether this simplification is due to the maximal symmetry of the manifold or holds for other homogeneous spaces as well. A possible generalization to rank-one symmetric spaces and to compact Lie groups is presently under investigation. For groups there is the interesting conjecture [8] that the spinor heat kernel expansion terminates to the coefficient α μ , where μ is the number of positive roots of the group. The parallel spinor propagator on a group G can be written down explicitly in a left-invariant vielbein as are the generators of the spin representation of G (f abc are the structure constants). Since a compact Lie group is topologically the same as a product of odd spheres (apart from torsion they have the same cohomology) the conjecture formulated above seems quite plausible, in view of the results obtained in this paper. We defer this problem to our future work.
A. Appendix
In this appendix we calculate the covariant derivative of the parallel spinor propagator U on S N . The basic idea, due to Higuchi [23] , is to work in a vielbein which is parallel along each geodesic emanating from the north pole. As proved in Sect. 2, the parallel transport equation satisfied by U has the trivial solution U = 1 in this frame, so that the covariant derivative of U reduces to where (A.6) was used. Thus d t has constant (ί-independent) components with respect to X β . From (A. 14) and (A. 7) it easily follows that X α is parallel along y y (ή, We also notice, from (A. 11), the following relation between projective and Riemann normal coordinates on S N :
with Σ(/RNC) 2 = θ 2 .
The unit vector field n a = V a θ has vielbein components 
